A theory to describe basic characterization of ion temperature gradient driven turbulence with strong trapped ion resonance is presented. The role of trapped ion granulations, clusters of trapped ions correlated by precession resonance, is the focus. Microscopically, the presence of trapped ion granulations leads to a sharp (logarithmic) divergence of two point phase space density correlation at small scales. Macroscopically, trapped ion granulations excite potential fluctuations that do not satisfy dispersion relation and so broaden frequency spectrum. The line width from emission due only to trapped ion granulations is calculated. The result shows that the line width depends on ion free energy and electron dissipation, which implies that non-adiabatic electrons are essential to recover non-trivial dynamics of trapped ion granulations. Relevant testable predictions are summarized. V C 2014 AIP Publishing LLC. [http://dx
Ion temperature gradient driven turbulence with strong trapped ion resonance Y. Kosuga As plasmas of interest-astrophysical, space, and laboratory (in particular fusion) plasmas-are often collisionless, resonance between waves and particles plays a key role in understanding dynamics of turbulent plasmas. Indeed, resonance between waves and particles is the classic problem in plasma physics, and considerable works have been performed and are still on-going. At the simplest level, resonance can trigger instabilities, such as the bump-on-tail instability and current driven ion acoustic waves. At the nonlinear stage, as turbulent amplitude increases, an increasing number of resonant particles are trapped in waves. In this case, the system shows rich nonlinear behavior, such as the formation of BGK vortices, 1 phase space density holes, [2] [3] [4] [5] [6] pairs of clumps and holes, [7] [8] [9] [10] [11] [12] [13] and phase space density granulations. [14] [15] [16] [17] More recently, state-of-the-art numerical scheme and computational power were applied to study simplified models, such as bump-on-tail 18 and ion-acoustic turbulence. 19 The numerical studies have unambiguously identified that in addition to waves, phase space structures that arise from the electrostatic trapping of particles lead to nonlinear instability, convective transport, and anomalous resistivity.
Resonance between waves and particles is important for fusion plasmas as well. In tokamak plasmas, particles trapped in magnetic mirrors, or "bananas," precess in toroidal direction and can resonate with waves. 20 Since the toroidal precession is essentially 1D motion, we expect that resonance can be strong enough to produce correlated resonating trapped particles, called granulations. 21, 22 For example, in trapped ion turbulence, 20, 23, 24 granulations are predicted to form due to trapped ion precession resonance. 22 Once formed, trapped ion granulations behave as macroparticles and transport ion free energy via dynamical friction with electrons ( Fig. 1 ). The flux is much similar to that in Fokker-Planck theory 15, 17, 22, 25 and is in marked contrast to the conventional quasilinear picture that models transport flux via a diffusive flux. More recently, theory was extended to include coupling between trapped ion granulations and shear flows. [26] [27] [28] While so far studies on trapped ion granulations are theoretically oriented, recent developments in computational study allow direct numerical simulation of kinetic models for trapped ion turbulence, [29] [30] [31] and a verification study is about to begin. However, before starting detailed comparisons, it is useful and necessary to obtain a basic characterization of turbulence with trapped ion granulations. For example, former theory does not treat trapped ion FIG. 1 . Schematic view of trapped ion granulations and transport driven by them. Precessing trapped ions resonate with waves and can form a group of correlated resonant bananas. The "bunch of bananas" is dragged from outgoing electrons and leads to release of free energy in ions. a) Electronic mail: kosuga@riam.kyushu-u.ac.jp granulation correlation function at steady state or estimate the line width of the frequency spectrum. These are typical effects that granulations give rise to 16, 21 and can be easily tested.
In this paper, we present a theory to describe basic characteristics of trapped ion granulations, such as basic scales, sharp correlation of phase space density fluctuation at small scales, and broadening of the linewidth (see Fig. 2 for flowchart). At a microscopic level, trapped ion granulations are characterized by the two point phase space density correlation, which is referred to as "phasestrophy." 32 The evolution equation for phasestrophy is derived. Phasestrophy evolution is determined by (i) the production of turbulent fluctuation correlation by dynamical friction and (ii) nonlinear dispersion due to E Â B scattering and difference in toroidal precession speed (Fig. 6) . The balance between the two processes leads to a steady state. At the stationary state, the phasestrophy of trapped ions increases logarithmically as the two points in phase space approach. This increase cannot be reproduced from quasilinear estimate, as the quasilinear theory predicts hdf ð1Þdf ð2Þi / s c Dhf i 02 , which is finite as 1 ! 2. Here, D is the diffusion coefficient of phase space turbulent flux. Thus, the deviation of phasestrophy from quasilinear level is an indication of the formation of trapped ion granulations. Note that this feature can be tested in numerical experiments. We then derive macroscopic implication by taking energy moment. At the macroscopic level, the stationary state is schematically described in Fig. 7 . In this state, granulations extract free energy via dynamical friction and emit waves via Cerenkov emission, which are in turn absorbed in the plasma by the total dissipation. In this state, the fluctuation spectrum contains emissions from granulations, in addition to normal modes. Hence, granulations tend to broaden the spectrum. The degree of spectrum broadening is estimated from the spectrum balance equation. The remaining of the paper is organized as follows. In Sec. II, we formulate the dynamics of trapped ion granulations by calculating the evolution of the two point phase space density correlation. In Sec. III, the spectrum balance equation is derived by integrating the two point phase space density correlation over energy. We discuss the form of the frequency spectrum in the presence of trapped ion granulations. Section IV contains conclusion and discussion. Testable predictions are summarized in Table I .
II. EVOLUTION OF TWO POINT PHASE SPACE DENSITY CORRELATION
The dynamics of trapped ion turbulence are described by a simplified model (bounce kinetic equation) by exploiting the difference in time scales. [29] [30] [31] As the frequency range of interest is x ci , x ti , x bi ) x $ x Di (x ci is the ion cyclotron frequency, x ti is the transit frequency of passing ions, x bi is the bounce frequency of ions trapped in magnetic mirror, x is the frequency of interest, and x Di is the precession frequency), the fast gyro and bounce motions are averaged out. This yields the bounce averaged kinetic equation for trapped ions
Here, E E=T i is the normalized energy. The equation is arguably the simplest model that captures kinetic effects (resonance dynamics) on the spatial E Â B convection. Note that this follows from the fact that the parallel acceleration term is annihilated by the bounce average. Thus, the energy is not scattered in this model, which allows us to focus on spatial E Â B mixing, along with the effect of resonance from precession motion. Electrons are assumed to be dissipative, thus n e =n 0 ¼ ð1 À id col Þðe/=T e Þ, where d col is the phase shift due to collisions. The set of equations is made self-consistent via the quasi-neutrality condition
Here, the first term in the right hand side is from passing ions, the second term is from trapped ions, and the last term includes polarization charge both from classical and neoclassical effects,
Although the simplicity of the model is one of the reason why we focus on trapped ion turbulence, we also note that trapped ion turbulence can be important for transport dynamics in toroidal plasmas. This is since trapped ion turbulence can drive transport which is unique compared to that driven by other micro-turbulence. Since trapped ion mode is characterized by long wave length and long coherence time, 20 it is quite likely that structures, such as convective cells 24 or granulations, 16, 22 may form in trapped ion turbulence. For example, once formed, granulations drive transport, which is not determined by conventional quasilinear flux, but by Lenard-Balescu flux with dynamical friction. 22, 25 Thus, transport by trapped ion turbulence has quite different character from that driven by other micro-turbulence. We also note that zonal flows are also important in trapped ion turbulence dynamics with granulations, since trapped ion granulations may scatter polarization charge and generate zonal flows. 27 In order to elaborate the unique feature of trapped ion turbulence, here we compare typical time scales of interest, the auto-correlation time of spectra s ac $ jdx k =dk h Àx k =k h j À1 Dk À1 h , and the "circulation" time of resonating trapped ions s circ $ (x di DE)
À1
. Here, Dk h is the width of wave number spectra, DE $ 1/(s c x di ) is the resonance width, and s c is the turbulence correlation time. Note that s circ $ s c , thus the circulation time of resonating particles is given by E Â B circulation time. In trapped ion turbulence, the condition s ac տ s circ is easily satisfied, since modes are peaked at long wave length (x k < x bi () k h q i < 0 =q) and thus
can be long, even for broad spectra Dk h /k h $ O(1). In this case, the cluster of resonant particles within the energy width DE $ 1/ (s c x di ), called trapped ion granulations, causes irreversible mixing and determines turbulence dynamics. We are interested in this situation and shall discuss how trapped ion granulations impact turbulence dynamics in the following. See Fig. 3 for parameter regime of interest.
Turbulence resonance dynamics for K տ O(1) are illustrated by considering wave packet dynamics for different Kubo numbers. Here, we use a model spectrum
Using the dispersion relation for trapped ion modes, expanding the phase around (k x0 , k y0 ) and integrating over k yield
Here, the potential is normalized to be À1 at t ¼ 0 and (x, y) ¼ (0, 0). Noting that k x0 k y0 < 0 for @x k 0 =@k x0 > 0 and assuming for simplicity that
Here,
is the Kubo number./ is plotted in Figs. 4 and 5. In the both figures, x and y are normalized by k 0 and t is normalized by s circ . Fig. 4 is the initial pattern of the wave packet and Fig. 5 depicts dynamics of the wave packet and unperturbed orbit of a resonant particle for different Kubo numbers. For K ¼ 0.4, the wave packet and the resonant particle decorrelate. On the other hand, for K ¼ 4, the wave packet is rather coherent and the resonance persists. In this case, it is quite likely that initially resonating particles are correlated and their trajectory starts deforming and producing E Â B Eddy's.
Here, as a caveat, we note that in addition to the precession resonance, the bounce resonance x $ x bi may be important. [34] [35] [36] When the bounce resonance occurs, the resonance would possibly scatter weakly trapped particles and slow them down. Then, the bounce resonance would produce more deeply trapped particles, which can lead to the formation of granulations.
The dynamics of trapped ion turbulence with granulations are described by two point phase space density correlation, 16, 22 or phasestrophy 32 @ t hdf ð1Þdf ð2Þi þ Tð1; 2Þ ¼ Pð1; 2Þ:
Here, 1 and 2 denotes two different points in phase space, (x 1 , y 1 , E 1 ) and (x 2 , y 2 , E 2 ). h…i denotes an ensemble average, which is technically evaluated by the average over the center of mass spatial coordinate, x þ ðx 1 þ x 2 Þ=2. T(1, 2) and P(1, 2) are given by 
where (1 $ 2) denotes the term with the argument exchanged. T(1, 2) describes the decorrelation process due to the difference in the precession speeds and nonlinear E Â B mixing. P(1, 2) is the production term for turbulent fluctuation. Specific forms for T(1, 2) and P(1, 2) are calculated in the following. We note that a similar analysis was performed before, using ballooning formalism. 22 In contrast, here we simply Fourier analyze in (x, y).
A. Closure of the triplet term and extraction of the lifetime of the correlation T(1, 2) describes mixing process by turbulent E Â B scattering and precession at different speeds (Fig. 6) . T(1, 2) requires closure calculation for the triplet nonlinearity. The closure calculation 16, 32 can be implemented by calculating phase coherent response of the two point correlation function to E Â B velocity, i.e., df ð2Þe v EÂB ð1Þ Á r 1 df ð1Þ ffi r 1 Á ðe vð1Þðdf i ð1Þdf i ð2ÞÞ c Þ; (10) where (6)) and resonant particles. The arrows indicate unperturbed trajectory of the resonant particles, initially located at (0, 0). For K ¼ 0.4, the wave packet and the resonant particle decorrelate. For K ¼ 4, the wave packet and the resonant particle maintain resonance. In this case, the formation of trapped ion granulations is quite likely.
FIG. 6.
A cartoon for decorrelation process. 28 Two correlated bananas are decorrelated by (i) turbulent E Â B diffusion and (ii) precession motion at different speeds. The synergy of the processes determines effective lifetime of the correlation.
Here, 
kx j is the spectral averaged mean wave number. Then, the relative dispersion accelerates as the distance between two points increases. We are interested in the latter regime, as we are interested in the dynamics of correlated resonant particles, which are confined within the typical scales of waves, i.e., k 0 Á x À < 1. Finally, we assume, for simplicity, that the underlying turbulence is isotropic k x,0 $ k y,0 $ k 0 and that cross diffusion is small. Then, the total mixing term becomes
Thus, relative dispersion is now determined by the nonlinear E Â B diffusion and precession at different speeds. The lifetime of correlation is extracted by exploiting the evolution of statistical moments as follows. Here, the statistical moments are defined as hh…ii
is a probability density function for relative separation and evolves as
Evolution of relevant moments is
The set of equations is solved for initial separation x À , y À , E À . The time asymptotic solution is given by
Here, s c ð8k 
Equation (21) is the major product after the closure calculation, Tð1; 2Þ ffi s
À1
cl hdf ð1Þdf ð2Þi. It describes the lifetime of correlated two particles in phase space due to turbulent E Â B mixing and the difference in precession speeds. Note that if ions are cold and do not precess, then the expression reduces to the lifetime due to E Â B mixing only. When ions are hotter and precession becomes important for turbulence dynamics, i.e., k 0 v Di =s À1 c Շ1, dependence on energy becomes appreciable. We also note that the expression is valid only for the argument of the logarithm is smaller than unity, i.e.,
The relation gives the maximum upper bound for the energy difference of two point correlation B. Production term due to granulations P(1, 2) is the production term for phasestrophy. P(1, 2) with granulations can be calculated by setting df ¼ df c þ e df . 16, 22, 32 Here, df c is the coherent response to fluctuating potential and df c / R e /. e df is the incoherent part. Physically, e df arises due to the formation of phase space density granulations. In trapped ion turbulence, e df describes the population of trapped ions correlated by precession resonance. The incoherent part is the analogue of particle discreteness in the test particle model for plasmas close to thermodynamic equilibrium. Following the analogy to the test particle model, we can show that total flux with the FIG. 7 . A schematic view of the balanced state. Trapped ion granulations access free energy via dynamical friction on electrons. Granulations produce "attached" wakes, via Cerenkov emission, which do not satisfy the dispersion relation. Waves in turn are absorbed in plasmas via total dissipation / Imv. The balance among these processes leads to a steady state, which is described by Eq. (37). incoherent contribution is determined, not by quasilinear diffusive flux but by Fokker-Planck flux with dynamical friction 15, 25 he v x df i ¼ ÀDhf i 0 ! ÀDhf i 0 þ Fhf i. Here, the diffusive flux arises from the coherent response and the dynamical friction is due to the incoherent contribution. A specific form for production term is calculated for trapped ion turbulence. In order to elucidate the role of granulations in microscopic dynamics, here we assume that eigenmodes are oversaturated and fluctuations are supported from the emission from granulations. In this case, the quasineutrality condition gives
Here, v(k, x) is susceptibility. Specific form of v(k, x) for linear response is given in the Appendix. Substituting the potential for the production term, we have
The first term is the production due to the diffusive flux, / D ? hf i 02 . The second term is from dynamical friction exerted on ions. Note that the first and second terms cancel 22 upon substituting the resonance delta function for propagator ReR ¼ pdðxÀx Di EÞ, the ballistic spectrum h e df i ð1Þ e df i ð2Þi kx ffi h e df i ð1Þ e df i ð2Þi k 2pdðxÀx Di E þ Þ, and the linear susceptibility for Imv i . The cancellation is ensured by the 1D resonance structure and we note that any modification to the resonance function, such as the shear flow Doppler resonance, can weaken or eliminate the cancellation. 27 However, for simplicity, we assume that cancellation occurs here. The third term is due to dynamical fiction exerted on electrons (Fig. 1) . In this process, the free energy stored in ions is released via trapped ion granulations dragged by electrons. The process arises as a consequence of charge balance constraint on relaxation. Dissipation by electrons is required to trigger the free energy release through this channel. The production term is further simplified by using the pole approximation, 1=jvðk;xÞj 2 ffi 1=ðð@v=@x k Þ 2 ðxÀx k Þ 2 þjImvj 2 Þ, where x k is the root of Rev(x, k)¼0, and by integrating over x to obtain
In the limit 1 ! 2, P(1, 2) is finite and is given by
where E res k jx k =x Di j is the resonant energy. Here, linear response for Imv i was used to write P in compact form. Finally, we note that the production process is tied to release of free energy and describes transport process. The associate transport flux can be extracted from the production term and is given by
Thus, within the approximation used above, transport process by trapped ion granulations is determined by dynamical friction on electrons. 22 (See Fig. 1 for schematics.) Electron dissipation is important to access the free energy via dynamical friction, as manifested its dependence via Imv e / À1 e .
C. Phase space density correlation at stationary state
Summarizing the results obtained so far, we have phasestrophy evolution as
cl is given by Eq. (21) and describes the lifetime of the correlation by mixing due to E Â B scattering and toroidal precession at different speeds. P(1, 2) acts as source for phasestrophy. Specific form for P(1, 2) was given by Eq. (26) , which describes source arising from free energy release by trapped ion granulations via dynamical friction on electrons. The two processes balance one another at stationary state. At the stationary state, we have hdf i ð1Þdf i ð2Þi ffi s cl ðx À ; y À ; E À ÞPð1; 2Þ: (29) We note that phasestrophy includes both coherent and incoherent parts. Subtracting hdf 
Equation (30) describes the correlation of two resonant particles in two phase space points. Importantly, Eq. (30) implies that at small scales the correlation sharply (logarithmically) increases. This can be seen by taking the limit 1 ! 2, where s cl increases logarithmically while P(1, 2) is finite. The sharp increase should be contrasted to behavior of the correlation for coherent response, hdf c i df
is finite as 1 ! 2. Thus, the presence of granulations increases small scale correlation to the level above that is predicted by quasilinear theory. This feature may be tested in numerical experiment. We note that similar procedure has been implemented before. [38] [39] [40] Revisiting similar numerical experiment with continuum code of today merits further study.
Sharp increase of two point phase space density correlation is not an artifact of assumptions made in the analysis. The assumptions lead to the specific form of divergence, i.e., logarithmic divergence, as presented above. In order to elaborate the point, here we discuss another derivation of sharp increase of the correlation at small scales. Note that the derivation presented here does not involve triplet closure or solving differential moment equation as presented in the paper. Rather, it is based on small scale singularity of two point evolution in collisionless limit. By taking the limit 1 ! 2 of two point evolution equation of phasestrophy, the mixing term (the left hand side) is zero up to collisions. By retaining small but finite collisions, we have Tð1; 2Þ ! Àhdf ð1ÞCðdf ð2ÞÞi ffi hdf ð1Þdf ð2Þi. Since
formation of singular structures at small scales. In broader context, examples of such structure include caviton in Langmuir turbulence, 41 clumps in resistive drift wave turbulence, 42 granulations in 1D plasmas, 16 etc. In this model, singular structures are trapped ion granulations, clusters of resonating trapped ions.
III. SPECTRUM BALANCE EQUATION AND ITS IMPLICATION
So far, we have discussed the dynamics of trapped ion granulations in phase space and derived the correlation for incoherent fluctuation at steady state. Here, we discuss its macroscopic implication by integrating over energy and by deriving the spectrum balance equation (Eq. (36) ). Integrating Eq. (30) over energy gives
Here, the lefthand side is the correlation of granulation charge density. In the righthand side, we assumed that the small scale correlation from the relative coordinate is dominated by the correlation life time. The energy integral was performed with the cut-off determined from s cl ðx À ; y À ; E >;< Þ À s c ! 0 and l 2 eðk
It is useful to write the balance relation in Fourier components. This can be achieved by Fourier transforming in x À and by integrating over k x spectrum, 43 to yield the spectrum balance equation
F(k y ) is the spatial form factor of the spectrum emitted by granulations and is given by
The integration can be performed 43 to give
Details of the calculation for F(k y ) are given in the Appendix. Finally, by noting that the charge density correlation spectrum can be approximated 22 as
we have the spectrum balance equation for h f
Here, E res k is assumed to be independent of k x , which is typically true for k 2 x q 2 ( 1. Within the same accuracy, the k x sum in the production term was performed. We note that a similar equation was derived for collisionless trapped electron turbulence with granulations. 21 In that equation, free energy is in electrons and dissipation arises from ion Landau damping. Here, the balance equation is extended to collisionless trapped ion turbulence with granulations. Free energy is in ions and dissipation arises from electron collisions. We also note that Eq. (36) is homogeneous equation in the spectrum amplitude. This is since energy integral is performed over the extent DE $ s À1 c =ðk 0 v Di Þ and amplitude dependence cancels. Then, Eq. (36) may be solved to obtain "eigenvalue condition," which schematically is
Equation (37) describes "fluctuation-dissipation" type balance at steady state with trapped ion granulations (Fig. 7) . Ion free energy / Imv i is released via dynamical friction on electrons / Imv e . The process exerts a drag on trapped ion granulations in plasmas, leading to Cerenkov emission of wake fields attached to granulations. Differently put, we may say granulations are dressed by wakes. This is analogous to wakes of water waves caused by ships moving through the water. 44 The emitted spectrum in turn absorbed in plasmas / jImvj. The balance between the two leads to steady state.
A consequence from the spectrum balance equation is that granulations can broaden the frequency spectrum. Physically put, trapped ion granulations emit waves, whose frequency need not satisfy dispersion relation x 6 ¼ x k . Then, fluctuation spectrum can contain those supported not by eigenmodes and hence broadens. The frequency broadening is evaluated as follows. Within the framework presented in the paper, the potential fluctuation is supported via emission from granulations e e / kx =T e ¼ vðk; xÞ
Then, the line width of the frequency spectrum is Dx jImvj=j@v=@x k j. The line width caused by the emission from granulations is then
Thus, Dx scales as ion free energy (/ Imv i ) and electron dissipation (/ Imv e ). This is plausible since dynamics of trapped ion granulations are controlled by dynamical friction on electrons. Importantly, this result indicates that to recover non-trivial physics of trapped ion granulations, non-adiabatic electrons are essential. The feature may be checked by numerical or/and physical experiments. Quantitatively, using representative plasma parameters 0 $ 1=3; s $ 1; g i $ g e $ 1; x k = e;eff $ 0:8, we find Dx=x k $ 0:16. Thus, granulations can appreciably contribute to frequency broadening. As a caveat, we note that the analysis presented here emphasizes the effect of trapped ion granulations and requires modes to be oversaturated to achieve stationary state. Hence, Dx is simply due to emission from granulations. However, in reality, mode-mode coupling of unstable modes, etc., can contribute to broaden in addition to trapped ion granulations. Calculation of Dx with mode-mode coupling will require the inclusion of unstable spectrum of waves, which will be pursued in future.
IV. CONCLUSION AND DISCUSSION
In this paper, we have discussed dynamics of trapped ion granulations and its macroscopic implications. Testable predictions are summarized in Table I . More specifically, we have discussed that.
(1) Microscopic dynamics of trapped ion granulations are formulated in terms of two point phase space density correlation, or phasestrophy. Phasestrophy is produced through the release of free energy by electron dynamical friction exerted on trapped ion granulations (Eq. (26)). Phasestrophy is torn apart by random E Â B scattering and relative toroidal precession of the two points (Eq. (37)). At macroscopic level, stationary state can be achieved when trapped ion granulations, dragged by electrons, emit waves and waves are in turn absorbed in plasmas (Fig. 7) . (4) The frequency line width was predicted (Eq. (39)). The line width depends on ion free energy and electron dissipation. Thus, non-adiabatic electrons are essential to have non-trivial dynamics of trapped ion granulations. Quantitatively, we find that Dx=x k $ 0:16 and hence granulations can contribute to frequency broadening appreciably.
As a caveat, we note that the analysis presented here assumes oversaturated modes, in order to elucidate physical / jImv i jjImv e j ! determined by ion free energy and electron dissipation contribution from trapped ion granulations. However, in reality, trapped ion granulations can be immersed in the bath of unstable trapped ion modes, which can cause large level of transport with Bohm scaling. 20, 24, 30 In this case, trapped ion granulations and unstable modes can be coupled together. Formulation of the coupled dynamics will require simultaneous solution of both phasestrophy evolution equation and wave kinetic equation for unstable modes. We also note that the analysis presented here neglects coupling to flows. Flow coupling can enter the granulation dynamics through dynamical friction [25] [26] [27] / Imv pol , absorption via flow resonance, 27 shear enhanced dispersion 28 46 etc. Systematic studies on coupled dynamics among granulations, unstable trapped ion modes, and flows, and its implication for transport scaling, etc., will be addressed in future. 
